Abstract. We say that a group G is almost Engel if for every g ∈ G there is a finite set E (g) such that for every x ∈ G all sufficiently long commutators [...[[x, g]
Introduction
A group G is called an Engel group if for every x, g ∈ G the equation [x, g, g, . . . , g] = 1 holds, where g is repeated in the commutator sufficiently many times depending on x and g. (Throughout the paper, we use the left-normed simple commutator notation [a 1 , a 2 , a 3 , . . . , a r ] = [...[[a 1 , a 2 ], a 3 ], . . . , a r ].) A group is said to be locally nilpotent if every finite subset generates a nilpotent subgroup. Clearly, any locally nilpotent group is an Engel group. Wilson and Zelmanov [15] proved the converse for profinite groups: any Engel profinite group is locally nilpotent. Later Medvedev [11] extended this result to Engel compact (Hausdorff) groups.
In this paper we consider almost Engel groups in the following precise sense. Definition 1.1. We say that a group G is almost Engel if for every g ∈ G there is a finite set E (g) such that for every x ∈ G all sufficiently long commutators [x, g, g, . . . , g] belong to E (g), that is, for every x ∈ G there is a positive integer n(x, g) such that
[x, g, g, . . . , g n ] ∈ E (g) for all n n(x, g).
Thus, Engel groups are precisely the almost Engel groups for which we can choose E (g) = {1} for all g ∈ G.
We prove that almost Engel compact groups are finite-by-(locally nilpotent). By a compact group we mean a compact Hausdorff topological group. Theorem 1.2. Suppose that G is an almost Engel compact group. Then G has a finite normal subgroup N such that G/N is locally nilpotent.
In Theorem 1.2 it also follows that there is a locally nilpotent subgroup of finite index -just consider C G (N). The proof uses the aforementioned Wilson-Zelmanov theorem for profinite groups. First the case of a finite group G is considered, where obviously the result must be quantitative: namely, given a uniform bound |E (g)| m for the cardinalities of the sets E (g) in the above definition, we prove that the order of the nilpotent residual γ ∞ (G) = i γ i (G) is bounded in terms of m only. Then Theorem 1.2 is proved for profinite groups. Finally, the result for compact groups is derived with the use of the structure theorems for compact groups.
As in the case of finite groups, if there is a uniform bound m for the cardinalities of the sets E (g) in Theorem 1.2, then the subgroup N in the conclusion can be chosen to be of order bounded in terms of m (Corollary 5.5).
In an earlier paper [10] we obtained similar results about finite and profinite groups with a stronger condition of "almost Engel" type. That condition means that every element g of the group is "almost n-Engel" for some n = n(g) depending on g. Note, however, that Engel groups do not necessarily satisfy that condition. The new Definition 1.1 of almost Engel groups in the present paper imposes a weaker and more natural "almost Engel" condition and includes Engel groups (when all the subsets E (g) consist only of 1). Thus, the results of the present paper are stronger than in [10] even for (pro)finite groups, and cover a wider class of compact groups.
First in § 2 we collect some elementary properties of minimal subsets E (g) in the definition of almost Engel groups. We deal with finite groups in § 3, with profinite groups in § 4, and consider the general case of compact groups in § 5.
Our notation and terminology is standard; for profinite groups, see, for example, [14] .
We say for short that an element g of a group G is an Engel element if for any x ∈ G we have [x, g, g, . . . , g] = 1, where g is repeated in the commutator sufficiently many times depending on x (such elements g are often called left Engel elements).
A subgroup (topologically) generated by a subset S is denoted by S . For a group A acting by automorphisms on a group B we use the usual notation for
a ∈ A , and for centralizers C B (A) = {b ∈ B | b a = b for all a ∈ A} and C A (B) = {a ∈ A | b a = b for all b ∈ B}. Throughout the paper we shall write, say, "(a, b, . . . )-bounded" to abbreviate "bounded above in terms of a, b, . . . only".
Properties of Engel sinks
Throughout this section we assume that G is an almost Engel group in the sense of Definition 1.1, so that for every g ∈ G there is a finite set E (g) such that for every x ∈ G there is a positive integer n(x, g) such that
for any n n(x, g).
If E ′ (g) is another finite set with the same property for possibly different numbers n ′ (x, g), then E (g) ∩ E ′ (g) also satisfies the same condition with the numbers
Hence for every g ∈ G there is a minimal set satisfying the definition, which we again denote by E (g) and call the Engel sink for g, or simply g-sink for short. Henceforth we shall always use the notation E (g) to denote the (minimal ) Engel sinks, and n(x, g) the corresponding numbers satisfying (2.1).
For a fixed g ∈ G, consider the mapping of E (g) by the rule z → [z, g], which maps E (g) into itself by definition. By the minimality of E (g) this mapping is a permutation of E (g). Therefore we can speak of orbits (cycles) of this permutation on E (g). It follows that every z ∈ E (g) can be represented in the form 2) and therefore also as
Conversely, elements satisfying (2.2) belong to E (g). We have thus proved the following.
Lemma 2.1. For any g ∈ G the g-sink E (g) consists precisely of all elements z such that z = [z, g, . . . , g], where g occurs at least once.
Clearly, every subgroup H of G is also an almost Engel group. Moreover, by Lemma 2.1, for h ∈ H the h-sink constructed within H is precisely the subset E (h) ∩ H of the h-sink E (h) in G. If N is a normal subgroup of G, then G/N is also an almost Engel group. Forḡ = gN theḡ-sink in G/N is the image of E (g) in this quotient group. These properties will be used throughout the paper without special references.
For any element h of the centralizer
. Hence E (g) is invariant under conjugation by h by Lemma 2.1. If |E (g)| = m, it follows that h m! centralizes E (g). We have thus proved the following.
Engel sinks have especially nice properties in metabelian groups. We denote by M ′ the derived subgroup of a group M.
Elements of E (g) in the same orbit under the map z → [z, g] have the same order.
Proof. (a) By (2.2) and (2.3), every element z ∈ E (g) can be represented as z = [z, g, . . . , g] with g repeated jk(z) times for k(z) 1 and for every j = 1, 2, . .
is larger than n(z 1 z 2 , g). Then, by the standard metabelian laws,
where g is repeated jk(z 1 )k(z 2 ) times in each commutator. Thus, the finite set
, where g is repeated jk(z) times in each commutator; this means that E (g) is a normal subgroup of M.
Hence the order of [z, g] divides the order of z. Going in this way over the orbit, we return to z, which implies that the orders of all elements in the orbit are the same.
Finite almost Engel groups
Of course, any finite group G is almost Engel, and every element g ∈ G has finite (minimal) g-sink E (g). A meaningful result must be of quantitative nature, and this is what we prove in this section. The following theorem will also be used in the proof of the main results on profinite and compact groups. Theorem 3.1. Let G be a finite group, and m a positive integer. Suppose that for every g ∈ G the cardinality of the g-sink E (g) is at most m. Then G has a normal subgroup N of order bounded in terms of m such that G/N is nilpotent.
The conclusion of the theorem can also be stated as a bound in terms of m for the order of the nilpotent residual subgroup γ ∞ (G), the intersection of all terms of the lower central series (which for a finite group is of course also equal to some subgroup γ n (G)).
First we recall or prove a few preliminary results. We shall use the following well-known properties of coprime actions: if α is an automorphism of a finite group G of coprime order, (|α|,
Lemma 3.2. Let P be a finite p-subgroup of a group G, and g ∈ G a p ′ -element normalizing P . Then the order of [P, g] is bounded in terms of the cardinality of the g-sink E (g).
Since [P, g] is a nilpotent group, its order is bounded in terms of |[P, g]/[P, g] ′ | and its nilpotency class. We claim that, as a crude bound, the nilpotency class of [P, g] is at most 2|E (g)| + 1. Let γ i denote the terms of the lower central series of [P, g] . The number of factors of the lower central series of [P, g] on which g acts nontrivially is at most |E (g)|, because for any such a factor U = γ i /γ i+1 we have
for any n, since the action of g on U is coprime, and therefore there is an element of E (g) in γ i \ γ i+1 . It remains to observe that g cannot act trivially on two consecutive nontrivial factors of the lower central series of [ 
, then by the Three Subgroup Lemma the inclu-
, and the last inclusion implies that γ i+1 = 1.
The following lemma already appeared in [10] , but we reproduce the proof for the benefit of the reader. Proof. First suppose that U is abelian. We consider V as an F q U-module. Pick
has m-bounded order. However, if there are too many steps, then for the element
We now consider the general case. Since every element u ∈ U acts faithfully on [V, u], the exponent of U is m-bounded. If P is a Sylow p-subgroup of U, let M be a maximal normal abelian subgroup of P . By the above,
, we obtain that |M| is m-bounded. Hence |P | is m-bounded, since C P (M) = M and P/M embeds in the automorphism group of M. Since |U| has only m-boundedly many prime divisors, it follows that |U| is m-
Recall that the Fitting series starts with the Fitting subgroup F 1 (G) = F (G), and by induction,
The following lemma is well known and is easy to prove (see, for example, [9, Lemma 10]).
We now approach the proof of Theorem 3.1 with the following lemma.
Proof. Every element g ∈ G centralizes all its powers. Therefore by Lemma 2.2,
. By the minimality of the g m! -sink, then E (g m! ) = {1}. This means that g m! is an Engel element and therefore belongs to the Fitting subgroup F (G) by Baer's theorem [7, Satz III.6.15] .
We are now ready to prove Theorem 3.1.
Proof of Theorem 3.1. Recall that G is a finite group such that |E (g)| m for every g ∈ G. We need to show that |γ ∞ (G)| is m-bounded.
First suppose that G is soluble. Since G/F (G) has m-bounded exponent by Lemma 3.5, the Fitting height of G is m-bounded, which follows from the HallHigman theorems [5] . Hence we can use induction on the Fitting height, with trivial base when the group is nilpotent and γ ∞ (G) = 1. When the Fitting height is at least 2, consider the second Fitting subgroup F 2 (G). By Lemma 3.4 we have 
is the product of m-boundedly many subgroups [F q ,h] for h ∈ H q ′ , each of which has m-bounded order by Lemma 3.2.
For the same reasons, there are only m-boundedly many primes q for which [F q , H q ′ ] = 1. As a result, |γ ∞ (F 2 (G))| is m-bounded. Induction on the Fitting height applied to G/γ ∞ (F 2 (G)) completes the proof in the case of soluble G.
Now consider the general case. Most of the following arguments follow the same scheme as in the proof of Theorem 1.2 in [10] . First we show that the quotient G/R(G) by the soluble radical is of m-bounded order. Let E be the socle of G/R(G). It is known that E contains its centralizer in G/R(G), so it suffices to show that E has m-bounded order. In the quotient by the soluble radical, E = S 1 × · · · × S k is a direct product of non-abelian finite simple groups S i . Since the exponent of G/F (G) is m-bounded by Lemma 3.5, the exponent of E is also m-bounded. Now the classification of finite simple groups implies that every S i has m-bounded order, and it remains to show that the number of factors is also m-bounded. By Shmidt's theorem [7, Satz III.5.1], every S i has a non-nilpotent soluble subgroup R i , for which γ ∞ (R i ) = 1. Since we already proved our theorem for soluble groups, we can apply it to T = R 1 × · · · × R k . We obtain that |γ ∞ (T )| is m-bounded, whence the number of factors is m-bounded.
Thus, |G/R(G)| is m-bounded. Since |γ ∞ (R(G)| is m-bounded by the soluble case proved above, we can consider G/γ ∞ (R(G)) and assume that R(G) = F (G) is nilpotent. Then |G/F (G)| is m-bounded. We now use induction on |G/F (G)|. The basis of this induction includes the trivial case G/F (G) = 1 when γ ∞ (G) = 1. But the bulk of the proof deals with the case where G/F (G) is a non-abelian simple group.
Thus, suppose that G/F (G) is a non-abelian simple group of m-bounded order. Let g ∈ G be an arbitrary element. The subgroup F (G) g is soluble, and therefore
G is a product of at most |G/F (G)| conjugates, each normal in F (G), and therefore has m-bounded order. Choose a transversal {t 1 , . . . , t k } of G modulo F (G) and set
which is a normal subgroup of G of m-bounded order. It is sufficient to obtain an m-bounded estimate for |γ ∞ (G/K)|. Hence we can assume that K = 1. We remark that then
when g is repeated sufficiently many times. Indeed, g ∈ F (G)t i for some t i , and the subgroup F (G) t i is nilpotent due to our assumption that K = 1.
if G is repeated sufficiently many times. It is sufficient to prove that [F q , G, . . . , G] = 1 for every Sylow q-subgroup F q of F (G)
for a sufficiently long commutator.
We finally show that D := γ ∞ (G) has m-bounded order. First we show that
Taking repeatedly commutator with G on both sides and applying (3.2), we obtain We now finish the proof of Theorem 3.1 by induction on the m-bounded order k = |G/F (G)| proving that |γ ∞ (G)| is (m, k)-bounded. The basis of this induction is the case of G/F (G) being simple: nonabelian simple was considered above, and simple of prime order is covered by the soluble case. Now suppose that G/F (G) has a nontrivial proper normal subgroup with full inverse image N, so that F (G) < N ⊳ G. Since F (N) = F (G), by induction applied to N, the order |γ ∞ (N)| is bounded in terms of m and
, by induction applied to G/γ ∞ (N) the order |γ ∞ (G/γ ∞ (N))| is bounded in terms of m and |G/N| < k. As a result, |γ ∞ (G)| is (m, k)-bounded, as required.
Profinite almost Engel groups
In this and the next sections, unless stated otherwise, a subgroup of a topological group will always mean a closed subgroup, all homomorphisms will be continuous, and quotients will be by closed normal subgroups. This also applies to taking commutator subgroups, normal closures, subgroups generated by subsets, etc. Of course, any finite subgroup is automatically closed. We also say that a subgroup is generated by a subset X if it is generated by X as a topological group.
In this section we prove Theorem 1.2 for profinite groups, while Corollary 5.5 for profinite groups is an immediate corollary of Theorem 3.1.
Choosing an open normal subgroup N with nilpotent quotient G/N such that z ∈ N, we obtain a contradiction. Thus, E (g) = {1} for every g ∈ G, which means that all elements of G are Engel elements, that is, G is an Engel profinite group. Then G is locally nilpotent by the Wilson-Zelmanov theorem [15, Theorem 5] .
Recall that the pronilpotent residual of a profinite group G is γ ∞ (G) = i γ i (G), where γ i (G) are the terms of the lower central series; this is the smallest normal subgroup with pronilpotent quotient. The following lemma is well known and is easy to prove. Here, element orders are understood as Steinitz numbers. The same results also hold in the special case of finite groups. Proof. Part (a) follows from the characterization of pronilpotent groups as profinite groups all of whose Sylow subgroups are normal. Part (b) follows from the fact that for any elementsx,ȳ of coprime orders in a quotient G/N of a profinite group G one can find pre-images x, y ∈ G which also have coprime orders.
The following generalization of Hall's criterion for nilpotency [4] , which will be used later, already appeared in [10] , but we reproduce the proof for the benefit of the reader. We denote the derived subgroup of a group B by B ′ .
Proposition 4.4. (a)
Suppose that B is a normal subgroup of a group A such that B is nilpotent of class c and γ d (A/B ′ ) is finite of order k. Then the subgroup
′ } has finite k-bounded index and is nilpotent of (c, d)-bounded class.
(b) Suppose that B is a normal subgroup of a profinite group A such that B is pronilpotent and γ ∞ (A/B ′ ) is finite. Then the subgroup
′ } is open and pronilpotent.
Proof. (a) Since A/C embeds into Aut γ d (A/B ′ ), the order of A/C is k-bounded. We claim that C is nilpotent of (c, d)-bounded class. Indeed, using simple-commutator notation for subgroups, we have [C, . . . , C In general, the set of Engel elements in a profinite group may not be closed. But in an almost Engel group, Engel elements form a closed set, and moreover the following holds.
Lemma 4.5. Let G be an almost Engel profinite group, and k a positive integer. Then the set
is closed in G.
Proof. We wish to show equivalently that the complement of E k is an open subset of G. Every element g ∈ (G \ E k ) is characterized by the fact that |E (g)| k + 1. Let z 1 , z 2 , . . . , z k+1 be some k + 1 distinct elements in E (g). Using Lemma 2.1 we can write for every i = 1, . . . , k + 1 .1) show that for any u ∈ N the Engel sink E (gu) contains an element in each of the k + 1 cosets z i N. Thus, all elements in the coset gN are contained in G \ E k . We have shown that every element of G \ E k has a neighbourhood that is also contained in G \ E k , which is therefore an open subset of G.
Recall that in Theorem 4.1 we need to show that an almost Engel profinite group G has a finite normal subgroup such that the quotient is locally nilpotent. The first step is to prove the existence of an open locally nilpotent subgroup. Of course, the subgroup in question will also be locally nilpotent by Lemma 4.2; the result can also be stated as the openness of the largest normal pronilpotent subgroup.
Proof. For every g ∈ G we choose an open normal subgroup N g such that E (g)∩N g = 1. Then g is an Engel element in N g g . By Baer's theorem [7, Satz III.6.15] , in every finite quotient of N g g the image of g belongs to the Fitting subgroup. As a result, the subgroup [N g , g] is pronilpotent.
LetÑ g be the normal closure of [
is normal in N g , which has finite index, [N g , g] has only finitely many conjugates, soÑ g is a product of finitely many normal subgroups of N g , each of which is pronilpotent. Hence, so is N g . Therefore all the subgroupsÑ g are contained in the largest normal pronilpotent subgroup K.
It is easy to see that G/K is an F C-group (that is, every conjugacy class is finite): indeed, everyḡ ∈ G/K is centralized by the image of N g , which has finite index in G. A profinite F C-group has finite derived subgroup [13, Lemma 2.6]. Hence we can choose an open subgroup of G/K that has trivial intersection with the finite derived subgroup of G/K and therefore is abelian; let H be its full inverse image in G. Thus, H is an open subgroup such that the derived subgroup H ′ is contained in K.
We now consider the metabelian quotient M = H/K ′ , which is also an almost Engel group, and temporarily use the symbols E (g) for the Engel g-sinks in M. For every positive integer k, consider the set
By Lemma 4.5, every set E k is closed in M. Since M is an almost Engel group, we have
By the Baire category theorem [8, Theorem 34] , one of these sets contains an open subset; that is, there is an open subgroup U and a coset aU such that aU ⊆ E m for some m. In other words, |E (au)| m for all u ∈ U. We claim that |E (u)| m 2 for any u ∈ U. Indeed, by Lemma 2.3(a) both E (a) and E (au) are normal subgroups of M contained in M ′ . In the quotient
bothM ′ ā andM ′ āū are normal locally nilpotent subgroups. Hence their product, which containsū, is also a locally nilpotent subgroup by the Hirsch-Plotkin theorem [12, 12.1.2]. As a result, E (u) E (a)E (au) and therefore
′ , it is easy to see that E (u) = E (uk) for any u ∈ U and any
Thus, the Engel sinks of elements of V uniformly satisfy the inequality |E (v)| m 2 for all v ∈ V . The same inequality holds in every finite quotientV of V , to which we can therefore apply Theorem 3.1. As a result, |γ ∞ (V )| n for some number n = n(m) depending only on m. Then also |γ ∞ (V )| n.
Let W be the full inverse image of V , which is an open subgroup of G containing K, and let Γ be the full inverse image of γ ∞ (V ). Now let Proof of Theorem 4.1. Recall that G is an almost Engel profinite group, and we need to show that γ ∞ (G) is finite. Henceforth we denote by F (L) the largest normal pronilpotent subgroup of a profinite group L. By Proposition 4.6 we already know that G has an open normal pronilpotent subgroup, so that F (G) is also open. Further arguments largely follow the scheme of proof of Theorem 1.1 in [10] .
Since G/F (G) is finite, we can use induction on |G/F (G)|. The basis of this induction includes the trivial case G/F (G) = 1 when γ ∞ (G) = 1. But the bulk of the proof deals with the case where G/F (G) is a finite simple group.
Thus, we assume that G/F (G) is a finite simple group (abelian or non-abelian). Let p be a prime divisor of |G/F (G)|, and g ∈ G \ F (G) an element of order p n , where n is either a positive integer or ∞ (so p n is a Steinitz number). For any prime q = p, the element g acts by conjugation on the Sylow q-subgroup Q of F (G) as an automorphism of order dividing p n . The subgroup [Q, g] is a normal subgroup of Q and therefore also a normal subgroup of F (G). The image of [Q, g] in any finite quotient has order bounded in terms of |E (g)| by Lemma 3.2. It follows that [Q, g] is finite of order bounded in terms of |E (g)|.
Since
G is a product of finitely many conjugates and is therefore also finite. Let R be the product of these closures [Q, g] G over all Sylow q-subgroups Q of F (G) for q = p. Since [Q, g] is finite of order bounded in terms of |E (g)| as shown above, there are only finitely many primes q such that [Q, g] = 1 for the Sylow q-subgroup Q of F (G). Therefore R is finite, and it is sufficient to prove that γ ∞ (G/R) is finite. Thus, we can assume that R = 1. Note that then [Q, g a ] = 1 for any conjugate g a of g and any Sylow q-subgroup Q of F (G) for q = p.
Choose a transversal {t 1 , . . . ,
is generated by the conjugacy class of the image of g. Since G/F (G) is simple, we have G 1 F (G) = G. By our assumption, the Cartesian product T of all Sylow q-subgroups of F (G) for q = p is centralized by all elements g t i . Hence, [G 1 , T ] = 1. Let P be the Sylow p-subgroup of F (G) (possibly, trivial). Then also [P G 1 , T ] = 1, and therefore
The image of γ ∞ (P G 1 ) ∩ T in G/P is contained both in the centre and in the derived subgroup of P G 1 /P and therefore is isomorphic to a subgroup of the Schur multiplier of the finite group G/F (G). Since the Schur multiplier of a finite group is finite [7, Hauptsatz V.23 .5], we obtain that γ ∞ (G) ∩ T = γ ∞ (P G 1 ) ∩ T is finite. Therefore we can assume that T = 1, in other words, that F (G) is a p-group.
If |G/F (G)| = p, then G is a pro-p group, so it is pronilpotent, which means that γ ∞ (G) = 1 and the proof is complete. If G/F (G) is a non-abelian simple group, then we choose another prime r = p dividing |G/F (G)| and repeat the same arguments as above with r in place of p. As a result, we reduce the proof to the case F (G) = 1, where the result is obvious.
We now finish the proof of Theorem 4.1 by induction on |G/F (G)|. The basis of this induction where G/F (G) is a simple group was proved above. Now suppose that G/F (G) has a nontrivial proper normal subgroup with full inverse image N,
, by induction applied to G/γ ∞ (N) the group γ ∞ (G/γ ∞ (N)) is also finite. As a result, γ ∞ (G) is finite, as required.
Compact almost Engel groups
In this section we prove the main Theorem 1.2 about compact almost Engel groups. We use the structure theorems for compact groups and the results of the preceding section on profinite almost Engel groups.
Recall that a group H is said to be divisible if for every h ∈ H and every positive integer k there is an element x ∈ H such that x k = h. Proof. We need to show that E (h) = {1} for every h ∈ H. Let |E (h)| = k. Let g ∈ H be an element such that g k! = h. Since g centralizes h, by Lemma 2.2 we obtain that h = g k! centralizes E (h). By the minimality of the h-sink, then E (h) = {1}, as required.
We are ready to prove Theorem 1.2.
Proof of Theorem 1.2. Let G be an almost Engel compact group; we need to show that there is a finite subgroup N such that G/N is locally nilpotent. By the wellknown structure theorems (see, for example, [6, Theorems 9.24 and 9.35]), the connected component of the identity G 0 in G is a divisible group such that G 0 /Z(G 0 ) is a Cartesian product of simple compact Lie groups, while the quotient G/G 0 is a profinite group. By Proposition 5.1, G 0 is an Engel group. Compact Lie groups are linear groups, and linear Engel groups are locally nilpotent by the GarashchukSuprunenko theorem [1] (see also [2] ). Hence G 0 = Z(G 0 ) is an abelian subgroup.
Remark 5.2. If a compact group G is an Engel group, then by the above G is an extension of an abelian subgroup G 0 by a profinite group G/G 0 . Being an Engel group, G/G 0 is locally nilpotent by the Wilson-Zelmanov theorem [15, Theorem 5] . It is known that an Engel abelian-by-(locally nilpotent) group is locally nilpotent (see, for example, [12, 12.3.3] ). This gives an alternative proof of Medvedev's theorem [11] .
We proceed with the proof of Theorem 1.2.
Lemma 5.3. For every g ∈ G we have E (g) ∩ G 0 = 1, which is equivalent to the fact that for any x ∈ G 0 we have
if g is repeated sufficiently many times.
Proof. Suppose the opposite and choose 1 = z ∈ E (g) ∩ G 0 . By Lemma 2.1 then z = [z, g, . . . , g] with g occurring at least once. Hence z belongs also to the gsink within the semidirect product G 0 g . Since this subgroup is metabelian, by Lemma 2.3(a) the g-sink in G 0 g is a subgroup, which is equal to E (g) ∩ G 0 . Therefore we can choose z 1 in E (g) ∩ G 0 of some prime order p = |z 1 |. Again by Lemma 2.1 we have z 1 = [z 1 , g, . . . , g] with g occurring at least once. In the divisible group G 0 for every k = 1, 2, . . . there is an element z k such that z
, which is an element of the orbit of z 1 in E (g)∩G 0 under the mapping x → [x, g] and therefore has the same order p = |z 1 | by Lemma 2.3(b). Thus, y k is an element of E (g) of order exactly p k+1 , for k = 1, 2, . . . . As a result, E (g) is infinite, a contradiction with the hypothesis.
Applying Theorem 4.1 to the almost Engel profinite groupḠ = G/G 0 we obtain a finite normal subgroup D with locally nilpotent quotient. Then D contains all Engel sinksĒ (g) of elements g ∈Ḡ and therefore the subgroup E generated by them:
Clearly,Ē (g) h =Ē (g h ) for any h ∈Ḡ; hence E is a normal finite subgroup ofḠ. We replace D by E in the sense thatḠ/E is also locally nilpotent by the WilsonZelmanov theorem [15, Theorem 5] , since this is an Engel profinite group.
We now consider the action ofḠ by automorphisms on G 0 induced by conjugation.
Lemma 5.4. The subgroup E acts trivially on G 0 .
Proof. The abelian divisible group G 0 is a direct product A 0 × p A p of a torsion-free divisible group A 0 and Sylow subgroups A p over various primes p. Clearly, every Sylow subgroup is normal in G.
First we show that E acts trivially on each A p . It is sufficient to show that for every g ∈Ḡ every element z ∈Ē (g) acts trivially on A p . Consider the action of z, g on A p . Note that z, g = z g g , where z g is a finite g-invariant subgroup, since it is contained in the finite subgroup E. For any a ∈ A p the subgroup . , g] with at least one occurrence of g. Since a finite p-group is nilpotent, this implies that the image of z in its action on B must be trivial. In particular, z centralizes a. As a result E acts trivially on A p , for every prime p.
We now show that E also acts trivially on the quotient W = G 0 / p A p of G 0 by its torsion part. Note that W can be regarded as a vector space over Q. Every element g ∈ E has finite order and therefore by Maschke's theorem
g]} with g repeated n times, for any n. This contradicts Lemma 5.3.
Thus, E acts trivially both on W and on p A p . Then any automorphism of G 0 induced by conjugation by g ∈ E acts on every element a ∈ A 0 as a g = at, where t = t(a) is an element of finite order in G 0 . Since a g i = at i , the order of t must divide the order of g. Assuming the action of E on G 0 to be non-trivial, choose an element g ∈ E acting on G 0 as an automorphism of some prime order p. Then there is a ∈ A 0 such that a g = at, where t ∈ G 0 has order p. For any k = 1, 2, . . . there is an element a k ∈ A 0 such that a p k k = a. Then a g k = a k t k , where t p k k = t. Thus |t k | = p k+1 , and therefore p k+1 divides the order of g, for every k = 1, 2, . . . . We arrived at a contradiction since g has finite order.
Let F be the full inverse image of E in G. Recall that we have normal subgroups G 0 F G such that G 0 is divisible, F/G 0 is finite, and G/F is locally nilpotent. We aim at producing a finite normal subgroup N such that G/N is locally nilpotent.
By Lemma 5.4 the subgroup G 0 is contained in the centre of the full inverse image F of E, so that F has centre of finite index. Then the derived subgroup F ′ is finite by Schur's theorem [7, Satz IV.2.3] . We can assume that F ′ = 1, so that then F is abelian. In the abstract abelian group F the divisible subgroup G 0 has a complement C, which is obviously finite, F = G 0 × C. Let M be the normal closure of C in G.
Note that G/M is a locally nilpotent group. Indeed, G/F is locally nilpotent, while F/M is G-isomorphic to G 0 /(G 0 ∩ M) so that G/M is an Engel group by Lemma 5.3. Being an abelian-by-(locally nilpotent) Engel group, then G/M is locally nilpotent.
Consider the natural semidirect product M ⋊(G/C G (M)) with the induced topology, in which the action of G/C G (M) on M is continuous. Both M and G/C G (M) are profinite groups; therefore M ⋊ (G/C G (M)) is also a profinite group (see [14, Lemma 1.3.6] ). Note that G/C G (M) is locally nilpotent, since M C G (M).
The group M ⋊ (G/C G (M)) is also almost Engel, so by Theorem 4.1 it contains a finite normal subgroup with locally nilpotent quotient. This finite subgroup therefore contains the subgroup K generated by all Engel sinks in M ⋊ (G/C G (M)); since G/C G (M) is locally nilpotent, K M. Since G/M is also locally nilpotent, the Engel sinks in G are all contained in M and coincide with the Engel sinks in M ⋊ (G/C G (M)). Renaming K by N as a subgroup of G we arrive at the required result. Indeed, N is a normal subgroup because E (g) h = E (g h ) for any h ∈ G. The group G/N is locally nilpotent being an Engel group which is an extension of an abelian group F/N by a locally nilpotent group G/F . The proof of Theorem 1.2 is complete.
Corollary 5.5. Let G be an almost Engel compact group such that for some positive integer m all Engel sinks E (g) have cardinality at most m. Then G has a finite normal subgroup N of order bounded in terms of m such that G/N is locally nilpotent.
Proof. By Theorem 1.2 the group G is finite-by-(locally nilpotent). Therefore every abstract finitely generated subgroup H of G is finite-by-nilpotent and residually finite. By Theorem 3.1, every finite quotient of H has nilpotent residual of mbounded order. Hence γ ∞ (H) is also finite of m-bounded order, and H/γ ∞ (H) is nilpotent. Thus, every finitely generated subgroup of G has a normal subgroup of m-bounded order with nilpotent quotient. By the standard inverse limit argument, the group G has a normal subgroup of m-bounded order with locally nilpotent quotient.
